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KENYATTA UNIVERSITY

UNIVERSITY EXAMINATIONS 2011/2012

SECOND SEMESTER EXAMINATION FOR THE DEGREE OF BACHELOR OF SCIENCE,
BACHELOR OF EDUCATION AND BACHELOR OF ARTS
SMA 407: MEASURE AND INTEGRATION

DATE:  Friday 30" March, 2012 TIME: 8.00 a.m. —10.00 a.m.

INSTRUCTIONS: Answer question ONE and any other TWO questions.

QUESTION ONE (30 MARKS)

a) Q) Define what is meant by a measure p defined on a c-algebra X. [2 marks]
(i) Let X be any non-empty set and X a c-algebra of all subsets of X and let p be any fixed

element of X. Let p be defined for E € X by

0, ifpgE
E)=
#E) {1, ifpe E
Show that p is a measure on X. [5 marks]
b) Find the outer measure of the set
E:U{XZAKSX<2K—1_1} [4 marks]
c) Q) Define what is meant by a measurable set. [2 marks]

(i) Prove that if E is measurable, then the complement E° is also measurable.[3 marks]

1, if xisirrational number in [-4, 4]
d) Let f(X) = L _
0, if xis rational number in [-4, 4].

Find the Lebesgne integral of f on [-4, 4]. [4 marks]
e) Show that the constant function is measurable. [2 marks]
f) By use of the sequence {f,}, where f_ =- 1 Xo,n]» ShOW that the Fatou’s Lemma does not extend to
n Al
functions that take negative values. [5 marks]
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9) Show that if the function f is integrable, then |f| is integrable. [3 marks]

QUESTION TWO (20 MARKYS)

a) Q) Define what is meant by a measurable function. [2 marks]

(i) If f is a measurable function and c is a constant, show that cf is measurable.
[4 marks]

(iii)  For each extended real number o, show that the set {x e X:f (x) =« } is measurable.

[7 marks]
b) Q) Define what is meant by a property p to hold almost everywhere a.e. [2 marks]

(i) If (X, X, p) is a measure space and f, g, h are functions on X into Re such that f = g

u—a.e andg=h p—a.e. Showthatf=h p-—a.e. [5 marks]

QUESTION THREE (20 MARKS)
a) Q) Define what is meant by outer measure of a set E. [2 marks]
(i)  Show that if p (E) = o, then E is measurable. [5 marks]

(iii)  Prove that for any set A and any finite collection of mutually disjoint measurable sets E;,

Ez, ..., E, then u” [An (ul E, )]:izl:/f(An E,) [6 marks]

b) Q) Define what is meant by a set function t : ¥ — Re to be countably subadditive.

[2 marks]
(i)  Show that the Lebesgue outer measure p" is countably subadditive. [5 marks]

QUESTION FOUR (20 MARKS)

a) Let X; and X, be two c-algebras of subsets of X. Show that ;1 X> is also a c-algebra.
[5 marks]
b) Q) Show that the empty set ¢ is measurable. [2 marks]

(i) Prove that if E; and E; are measurable, then E;UE; is also measurable.[6 marks]
C) Q) State the Monotone Convergence Theorem. [2 marks]

(i) Let f, =%;([ ;- Find lim jfn dx and f lim f_ dx. Does monotone convergence

n,oo
U—oo n—ow

theorem hold? Why? [5 marks]
QUESTION FIVE — (20 MARKYS)
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b)

d)

Find the Riemann and Lebesgue integrals

j:’ f(x) dx, where

0, 0<x<1
f(}) =11, {<x<2ju{8<x<4} [6 marks]
2, {2<x<3}uf4<x<5}
Q) State the Lebesgue Dominated Convergence Theorem. [2 marks]
X, 0<x<n
i Let f (x)=1<1""
(1) ) {O, otherwise

Evaluate lim jonfn (X) dx . Does the Lebesgne Dominated Convergence Theorem hold?
Justify your answer. [5 marks]

If f(x) = ¥4 + cosx, 0 <x < 2m. Find f"and . [4 marks]

Prove that if f is a non-negative extended real-valued function and if E, F € X with E —F, where X
is a o-algebra of subsets of X, then

jEf dx < Lf dx [3 marks]
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