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KENYATTA UNIVERSITY
UNIVERSITY EXAMINATIONS 2010/2011
INSTITUTIONAL BASED PROGRAMME (IBP) — AUGUST SESSION

EXAMINATION FOR THE DEGREE OF MASTER OF SCIENCE

SMA 503: FUNCTIONAL ANALYSIS 11

DATE: Friday, 30" December, 2011 TIME: 9.00 a.m. - 12.00 p.m.

INSTRUCTIONS: Answer question ONE and any other TWO questions.

Q1. [Compulsory - 30 marks]

(a) Define what is meant by a compact operator T on s Hilbert space H.

Hence, show that every compact oeprator T on H is bounded. (4 marks)
(b) State the parallelogram law on an inner product space H. (2 marks)
(c) Let l; be a normed space of all r-tuples z = (z;, z,, -
equipped with the norm,

-+ Tp) of real numbers

13
llell = G lzef) 7, 1 < p < oo,
k=1
is not an inner product space for p # 2. (2 marks)

(d) Show that every unitary operator is normal but the
essarily true. (4 marks)

(e) Let z, — z and vy, — y in a Hilbert space H. Show that
lim (:z;n,yn> = (:c,y) (2 marks)

00

(f) Define what is meant by eack. of the following:

Show that l;,"

converse is not nec-

(2 marks each)
1. Reflexive space X
ii. Uniformly convex Banach space X.

(g) Let H be a Hilbert space and
functional f(z)
[3 marks)]

(h) Prove that if T is a normal operator then Tz =

[3 marks]

y be a fixed vector of H. Prove that the

=<,y >Vz € H is a continuous linear functional.

Az if and only if 7%z = Mz
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(i) Let T: X — ¥ be bounded linear operator on a Hilbert space X into a

i

Hilbert space Y and 7* its adjoint. Let N and R be the null and range
spaces of T' respectively. Prove each of the following relations: [3 marks]

i (R(T))* = N(T™),
. R(T) = (N(T*))~.
(i) Suppose that z, — z and llzn]| = ||z]|. Show that Tn converges to x
strongly.[3 marks]
Q2. [Optional-20 marks|
(a) Let M be a closed convex subset of a Hilbert space H and § — inf [lz|].
Prove that there exists a uniquz z € M such that llz|| = 4. (10 marks)

(b) Let M and N be closed subspaces of a Hilbert space H such that MLN.
Show that the subspace givenb: M+ N={z+yecH: zc M,y e N}
is also closed. [10 marks]

Q3. [Optional- 20 marks]

(a) State and prove the Riesz Representation theorem on g, Hilbert space H.
[10 marks]

) Let T:X 5y be bounded, linear operator on a Hilbert space X into
itself. Prove each of the following:  [8 marks each]
LTI = q17l, o
i. (|77 = |72
(c) Let T: X — X be bounded linear operator on a Hilbert space X. Prove
that 7" is self-adjoint if and only if (T, ) is real. [4 marks]
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Q4. [Optional-20 marks|

(a) Let y and 2 be fixed elements of a Hilbert s

pace H and define T: i — J

by Tz =< 2,y > 2. Show that T is compact. [5 marks]

(b) Prove that a sequence {zn} ia a Hilbert sp
the limit z € H if and only if

ace H is weakly convergent to

lim <z, 2z>=c g , >, Vz € H. [4 marks]

300

(c) i. Prove that every Hilbert space is uniformly convex, [4 marks]

ii. Let X be a uniformly convex Banach s

pace. Prove that for any d >

0, € > 0 and arbitrary vectors z,y € I with ||z|| < d,
lyll < d and ||z — Y|l > €, there exists a § > 0 such that

13+ 9)Il < [1 - 6(5))d. [ marks]

lii. Show that the spaces I, with the usual Sup norm is not uniformly

- convex. [3 marks]
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