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INSTRUCTIONS
Answer any THREE guestions.

Question One (25 marks)

a) Differentiate between
)] a Fredholm equation of first kind and a Fredholm equation of second kind.
(2 marks)
i) a Fredholm equation and a Voltera equation. (2 marks)
b) Solve the following integral equations
i) u(x):ﬁj 2sinxsiny u(y) dy (8 marks)
.. Xx 1 p
i) u(x) =cos h(x) — > + 3 j xy u(y) dy (11 marks)
Question Two (23 marks)
a) Obtain the Fourier series for f(x) = x*> when —z< x < z. Hence prove that
2
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b) Find the Fourier expansion of the periodic function whose definition in one period is

| 0 —m<t<0
f ()= {sin t0<t<n (11 marks)

Question Three (23 marks)

e for 0<t
~1+e' +et for1<t

a) Let g(t)= {

1) Show that g(t) is continuous for t >0 but g*(t) is not defined. Also show
that g (t) isasolutionof y' —y=H({t-1),=y(0) =1 for t >0, t= 1.

(6 marks)
i) Show that g(t) satisfies the integral equation

y(t) :jt y(z) +H(@E)dz+1 forall t >0 including t =1.

(Note : H (t-1) isthe heaviside step function) (6 marks)

b) Suppose that L(t) and h(t) are continuously differentiable and h(0) = 0,

(1) If u(t) isa continuous solution of J.t L (t—r) u(r)dr=h(t), show

that L(0) u (t) + I: L' (t = r)u(r) dr =h' (t). (4 marks)

i) Show that if a continuous function h(t) satisfies h(0) = 0 and u(t) solves

L (0) u(t) +_[; L' (t —r) u(r)dr =h'(t) then it must solve

[l LE-numdr=h@ (7 marks)



Question Four (23 marks)

a)

The following spaces are defined as:

M, =

{p(x): 9= C?[0,1] and ¢ (0) = 0}

M,={p(x)eM,: p®)=0}

1
0

LetdV) = [ (k(M)? - 2f)) dx,, Ve M,, KeC' (0,1)

and f € C[0,1]. Explain what is meant by saying u € M, is a minimizer
of Jon M. (4 marks)

Show that ueM, is aminiof J on M, ifandonlyif u satisfies

_[1 (Ku' ¢* — f¢)dx=0 ;forevery g e M,. (9 marks)

b) With ¢ and M definedin (a), let h(x) e C[0,1] and jl h(x)¢(x)dx = 0 for all

¢ € M,, show that h(x) is identically equal to zero. (10 marks)

Question Five (23 marks)

a)

b)

Define the Green’s function as used in differential equations. (3 marks)

Find the Green’s function for the following boundary value problems and hence

solve them or find the expression for their solutions.

i)

d’y
=—f(x
v (x)
y(0)=0
y@)+y' () =2 (10 marks)
d’y
™ +u =-"1(x) 0<x

u(0)= u* (0) =0 (10 marks)



