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KENYATTA UNIVERSITY
UNIVERSITY EXAMINATIONS 2011/2012

SECOND SEMESTER EXAMINATION FOR THE DEGREE OF MASTER OF

SCIENCE

SMA 565: THEORY OF ESTIMATION

DATE: Friday, 30" March, 2012 TIME: 9.00 a.m. — 12.00 p.m.

INSTRUCTIONS: Answer question ONE and any other TWO questions.

QUESTION ONE: 30 MARKS

(a) Let X1, Xy, ..., X, be a random sample from Bernoulli distribution with pa-
rameter p. Show that

)2 0@ =L oS
n~17 n( “‘Il—{—\/ﬁ, “; t

1s a mean squared error consistent sequence of estimators of p.
(b) Let X;, Xy, ...., X,, be a random sample from N(u, p), u> 0.

(i) Show that S = 2 ie1 X2 is a sufficient statistic for AL
(ii) Show that the M.L.E of 4 is

) ~1+,/1+4'87 swix

b=

(c) Let Xy, X5....., X,, be a random sample from density

/5“ a—1 ~Bx .

T e > 0,0, >0

g(x,a, ) = { le !
0, otherwise

where both o and 3 are unknown. Determine a pair of Jointly sufficient and
complete statistics for o and 3
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(d) Consider a random sample Xy, Xy. ... X, from a population whose distribution
is f(z,¢). Show that
d : 02
E [%lnf(a;, 9)} =-F [[wlnf(w,él)
stating any assumptions made.

(e) Let Xy, X,, -, X, be a random sample with likelihood

SR |

i L‘%;w, O<e <a,a>0

J(le) = :
0, otherwise

where £ is a positive integer; and ¢ have the prior density

(;%‘%, d<a<oo,3,6>0
90) = |
0, otherwise

with known 4 and §. Find the posterior distribution of v and hence the Bayes’
estimator of «

QUESTION TWO : 20 MARKS
(a) Let X, X,, ..., X,, be a random sample from density

ﬂum:{”fm%. r=t
U, otherwise
Show that 7" = }L > i logX; is an unbiased estimator for %.
(b) Let X, Xy, ..., X, be a random sample from density
3z?

ﬂaw={?“

0, otherwise

0<x <y

Let X be the sample mean and 7, = max(Xy,..., X,)

(i) Find a function of X that is an unbiased estimator for .
(ii) Find a function of Z, that is an unbiased estimator for .

(iii) compare the variances of the estimators obtained in (i) and (ii)
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QUESTION THREE : 20 MARKS

(a) Briefly explain how the Rao Blackwell and Lehmann Scheffe theorems can
be used to obtain the the uniformly minimum variance unbiased estimator
(UMVUE) of an unknown parameter ¢ or its function v(#) based on arandom
sample from a given density f (z,0).

(b) Let X;, X5, ..., X,, be a random sample from density

(1 —0)*, x=01,2,..00<0< 1

0, otherwise

fx;0) = {
Find the the uniformly minimum variance unbiased estimator (UMVUE) of
UOER-S

(¢) Let Xy, X2, .., X, be a random sample from a normal distribution with mean 0
and standard deviation o.

(i) Obtain the Cramer Rao lower bound for the variance of unbiased estima-
tors of 2.

(ii) Does the variance of the uniformly minimum variance unbiased estimator
(UMVUE) of 0 attain this bound. ”

QUESTION FOUR: 20 MARKS
(a) Let Y1,Y3, ..., Y, be a random sample from density

Eyrle ™y s 0.a.8>0
0, otherwise

9y, a, B) = {

Find the method of moments estimates of « and g.
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(b) Let Xy, X5, ...., X,, be a random sample from density

Pe P r>0,0>0

0, otherwise

fw;8) = {

(i) Show that T, = ZZ’:l X; is a complete and suflicient statistic for .

(ii) Determine the maximum likelihood estimator of  and hence construct a
98% confidence interval for 3 based on the asymptotic distribution of mle.
(iii) Show that F[X,|T] = T.

T

(iv) Find the UMVUE of .

QUESTION FIVE: 20 MARKS

Let Xy, Xy, ..., X, be a random sample from likelihood

, (L +x)" D 50,0 >0
f(:z;;/)’)**{ ( )

0, otherwise

Also let the prior density of § be

Bge-le «>0,6>003>0
f((),a{’ﬂ) — FQ 1 ?ﬁ
0, elsewhere
(i) Find the posterior distribution of 6.
(ii) Find the Bayes estimator of ¢ with respect to the squared error loss function.

(iit) Find the maximum likelihood estimator for 8.

(iv) Show that the estimator obtained in part(ii) is a weighted average of the esti-

mator in part(iii) and the prior mean.
(v) What is the value of the Bayes estimator as n — 0.

(vi) Is the Bayes estimator a minimax estimator?
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